ON THE OSCILLATION OF THE DERIVATIVES OF
(II) If Nk = 0(k8) where 6 is fixed, 0 < 6 < 1/2, f(x) is an entire function of finite order not exceeding (1 -6)/(1-2 6).
(III) If Nk = o(k"/2), f(x) is an entire function.
We prove this theorem by consideration of the Fourier series of f (x) (1) f(x) = E cnz, C-n = in (n = O, 1, 2, * ). Here plicitly stated limits means a summation from -oo to oo*. Under the present conditions, the series (1) is absolutely and uniformly convergent for real x, and so are the Fourier series of f '(x), f "(x), * * *, obtained from (1) by term by term differentiation. If we focus our attention on the Fourier series, we may express the general trend of our theorem by saying that a small amount of oscillation in the higher derivatives implies a rapid decrease in the coefficients, this decrease being so extreme in case (I) that all coefficients from a certain point onward vanish.
The theorem we have to prove and a few analogous facts(') point towards a general principle which cannot yet be stated in precise terms but which is not entirely unsuitably expressed by saying that a small amount of oscillation in the higher derivatives indicates a great amount of simplicity in the analytic nature of the function.
An analogous theorem may be formulated for almost periodic functions. As in other theorems of this kind, the number of changes of sign in a period is replaced by the density of these changes over the infinite line and a trigonometric polynomial is replaced by an entire function of exponential type. The extension of case (I) of our theorem offers the least difficulty.
2. We start with a few preliminary remarks on changes of sign. We consider first a real-valued function f(x) which is defined in an interval a < x < b.
We say that this function has N changes of sign in this interval if it is possible to find N+ 1, and no more, abscissae x0, xi, , XN in the interval such that (2) XO < Xl < < XN-1 < XN, Now let f(x) be periodic with the period 2ir. We say that the number of changes of sign of f(x) in a period is N, if it is possible to find just N+ 1, and no more, abscissae xo, xi, , XN such that XN = Xo + 27r, and (2), (3) hold. Observe that f(XN) =f(xo) and that, therefore, N is necessarily even. Hence it follows that the number of changes of sign of (a+D)f(x) in a period is not inferior to that of f(x). We defined Nk in our initial statement; now we see that (4) No _ N1 < N2<* -< Nk N < * - In order to prove this we consider (1). We have to show that some f(k)(x) have an arbitrarily great number of changes of sign if there are c, $0 with arbitrarily large subscripts n. More precisely we shall show this:
If m >0 and cm $0, then all derivatives of (1), from a certain stage onward, have not less than 2m changes of sign.
In fact, by repeated application of Lemma I, we ascertain that
does not have fewer changes of sign than
But since it is given that cm have from a certain k onward M-i 00 2mn kC (8) | Cm I > E + E ) cn I .
Indeed we have for n >0, n $m, 0< 2mn <m2+n2, and therefore, each term tends to 0 on the right-hand side of (8) for k-> oo. But if (8) holds for a certain even k, the sum in (7) has the same sign as the second expression (5) in all those real points x in which this latter reaches 21 cm , the maxinum of its absolute value. This maximum is reached with alternatinrg signs, in equidistant points, the distance of two consecutive points being ir/m. Therefore (7) has not less than 2m changes of sign. We have proved this for even k but the same is true and the proof is nearly the same for odd k. Then, by Lemma I, (6) has not less than 2m changes of sign, and case (I) of our theorem is proved. If f(x) is not analytic along the whole real axis, (9) has the value 1. If f(x) is analytic in a certain horizontal strip of width 2h bisected by the real axis, but in no wider horizontal strip, (9) has the value eh.
We consider the case (III) of our theorem before case (II).
If f(x) is an entire function, (9) has the value 0.
In order to prove case (III) of our theorem, we have to show that in the first two cases Nk=o(k"I2) is excluded. We prove the following statement. LEMMA II. We consider two infinite sequences 11, 12, * . .In, . * * and Sl, S29 * * Sn .. *. , and suppose that (1 1) In >-O0, n =1, 2, 39 *.*, (12) 0 < Sl < S2 < S3 < . . . (1) Split the sum Si in two parts, A being less than or equal to m/2 in the first part and greater than m/2 in the second. Using the fact that
we obtain m/2 m-1 S1 < Ex ey-k2/4
(2) The function 2x(1 +x2)-1 decreases for x>1. Therefore by (17) )0 2 kCdx (27r)1/2 1(ir)112
We used a well known asymptotic evaluation of definite integrals(') and (18).
If g > 2, which we assume, we obtain for sufficiently great m (20) S2 < 1/2.
But (15), (19), (20) show that (8) Here we use (22). We choose r, for given n, so that this right-hand side of (23) shall be a minimum. It follows by straight-forward calculation that (21) holds with " " instead of "=."
(2) Assume that log log (1/ I Cn >)
n ~l o g n (3) See, for example, G. P6lya and G. Szeg6, loc. cit., vol. 1, pp. 78 and 244, Problem 201. Therefore we have, for a given positive e and all sufficiently great n I Cneinx I < e-nE+ IxIn
We choose n, for a given x, so that the right-hand side is a maximum. This maximum gives the right order of magnitude because the terms of (1) whose index surpasses a certain multiple of the index of the maximum term, yield a negligible contribution. We find that the order X of f(x) satisfies the in-
This gives (21) with " < " instead of "=."
6. Now we are prepared to prove case (II) of our theorem. We have to
show that if the entire function f(x) is of order X, and e > 0 then, for an infinity
Put X/(X-1)+t7='y, X7 being positive and small. By Lemma III, the fact we have to show can be stated as follows:
If there exists a positive number y, y > 1, such that lim sup I cn I en" = 00, then there exists a positive g such that f (k)(x) has, for an infinity of k, more than (k/g)ll(7+l) changes of sign.
We apply Lemma II, whose conditions are satisfied by In = I Cn I, Sn = e-y 
